Abstract: This paper presents three different constitutive approaches to model thin rotationfree shells based on the Kirchhoff-Love hypothesis. One approach is based on numerical integration through the shell thickness while the other two approaches do not need any numerical integration and so they are computationally more efficient. The formulation is designed for large deformations and allows for geometrical and material nonlinearities, which makes it very suitable for the modeling of soft tissues. Furthermore, six different isotropic and anisotropic material models, which are commonly used to model soft biological materials, are examined for the three proposed constitutive approaches. Following an isogeometric approach, NURBS-based finite elements are used for the discretization of the shell surface. Several numerical examples are investigated to demonstrate the capabilities of the formulation. Those include the contact simulation during balloon angioplasty.
Introduction
Many biological systems are thin structures, composed of nonlinear soft materials, which can easily undergo large deformations. In many cases, such structures do not resist any bending moments (Humphrey, 1998) ; thus, a membrane formulation (e.g. Roohbakhshan et al., 2016) is efficient and robust to predict the mechanical response. However, if the bending effects are not negligible, a shell formulation is required. For thin structures, where the transverse shear strains can be neglected, rotation-free formulations based on the Kirchhoff-Love hypothesis are the best choice. Here, we introduce a new approach to model thin biological shells 3 constructed from nonlinear constitutive laws, without any need for numerical integration. Following Sauer and Duong (2017) and Duong et al. (2017) , the model is formulated in a curvilinear coordinate system, without resorting to a transformation from/to the Cartesian coordinate system. Furthermore, the geometry, kinematic variables and weak form of the governing equation are discretized within the framework of isogeometric analysis (IGA) in order to take advantage of the C 1 -continuity NURBS-based interpolation, which is a necessary condition for the KirchhoffLove shells.
The finite element modeling and analysis of thin soft tissues has been the subject of extensive research although only the membrane forces are considered in general (e.g. Humphrey et al., 1992; Humphrey, 1998; Prot et al., 2007; Kroon and Holzapfel, 2009; Abdessalem et al., 2011; Kuhl, 2013, 2014; Roohbakhshan et al., 2016) and mostly planar tissues are studied (e.g. Flynn et al., 1998; Sun and Sacks, 2005; Holzapfel and Ogden, 2009; Jacobs et al., 2013; Fan and Sacks, 2014) . The first isogeometric Kirchhoff-Love shell, specially formulated for soft tissues, was introduced by Tepole et al. (2015) . It is based on numerical integration through the shell thickness. Furthermore, Kiendl et al. (2015) and Duong et al. (2017) have suggested two different isogeometric formulations for the modeling of the rotation-free thin shells with arbitrary nonlinear hyperelastic materials. Both approaches can be used for the modeling of biological shells. The former requires numerical integration through the shell thickness. In contrast, the latter allows for both projected shell models that are extracted from existing 3D material models using numerical integration and shell models that are directly formulated on a 2D manifold, like the Koiter model or the Canham model.
In the present work, we extend the earlier work of Duong et al. (2017) , which allows an arbitrary choice of the membrane and bending strain energies. For specific applications, like biological shells, a physically well-defined link between the bending and membrane parts is needed. Here, for any given 3D material model, a systematic approach is introduced to derive the corresponding 2D shell formulation, which (1) requires no numerical integration through the thickness, (2) provides a natural link between membrane and bending parts and (3) admits many isotropic and anisotropic material models. To show the accuracy of the new approach, a simplified version of the projected shell formulation of Duong et al. (2017) is used for reference.
The presented work adds novelties to the existing literature on the computational modeling of soft biological shells:
• First and foremost, it provides two new approaches that do not require any numerical thickness integration and that are therefore computationally more efficient.
• Second, the resultant stresses and bending moments are expressed in terms of the first and second fundamental forms of the shell mid-surface, which allows flexible coupling of the bending and membrane modes of the shell (see Sec. 3.3).
• Third, an efficient and accurate treatment of the compression/extension switch, to exclude compressed fibers from the constitutive law, is introduced. Such a switch, which is used for the anisotropic material models like the Gasser-Ogden-Holzapfel (GOH) model (Gasser et al., 2006) , is needed to guarantee the polyconvexity of the strain energy density function in order to avoid non-physical responses (Balzani et al., 2006) .
The remaining part of this paper is organized as follows: Sec. 2 provides a short summary of the rotation-free thin shell theory, including the kinematics and weak form of the governing equations. Sec. 3 discusses the three constitutive approaches to model thin shells in detail. Those are the numerically-projected (NP) shell model, which is based on numerical integration through the shell thickness, and the analytically-projected (AP) and directly-decoupled (DD) shell models, which need no numerical integration. In Sec. 4, those three shell models are specifically derived for different isotropic and anisotropic material models, which are commonly used for soft tissues. Several numerical experiments are presented in Sec. 5 to illustrate the capabilities of the new model. Sec. 6 concludes the paper.
Thin shell theory
This section summarizes the nonlinear theory of rotation-free thin shells. Further details can be found in e.g. Naghdi (1982) , Steigmann (1999) and Sauer and Duong (2017) . Here, first the kinematics of thin shells based on the Kirchhoff-Love hypothesis is reviewed. Those kinematics can either be derived from 3D kinematics or be formulated directly on the shell mid-surface. This is followed by a brief discussion of the weak form of the governing equation. Last, the weak form is linearized in order to be solved by the Newton-Raphson method. Upon this theoretical foundation, three different shell models are constructed in the next section.
Kinematics of Kirchoff-Love shells
A thin shell is a structure that can be presented as a 2D manifold defined by the shell midsurface. Alternatively, the shell can be described as a thin 3D continuum, which is confined by an upper and a lower surface. Here, a framework is presented that can capture both approaches. First, the shell mid-surface is described and then the description is extended to the other shell layers according to the Kirchhoff-Love hypothesis.
In the deformed configuration, the shell mid-surface S is described by the mapping
where ξ α are the convective coordinates defined in a parametric domain. According to this surface description, the co-variant tangent vectors are a α = ∂x/∂ξ α and the contra-variant tangent vectors are defined by a α = a αβ a β , where the co-variant components of the metric tensor are a αβ = a α · a β and the contra-variant components are [a αβ ] = [a αβ ] −1 . Then, from the tangent vectors a α , the normal vector of the surface S is given by n = (a 1 × a 2 )/ a 1 × a 2 . Another important object associated with a surface is the curvature tensor b = b αβ a α ⊗ a β , where b αβ := n·a α,β are the co-variant components of the curvature tensor. The mean curvature of the deformed surface is H := 1 2 a αβ b αβ . Likewise, the shell mid-surface can be described in its reference configuration, denoted by S 0 .
Such a surface description can be extended to any shell layer * S within the shell thickness. Based on the Kirchhoff-Love assumptions, the positionx of any material point in the deformed shell body is related to a corresponding point x on the shell mid-surface S as Likewise to the shell mid-surface, the tangent vectors on a shell layer * S can be expressed as
which give the co-variant components of the metric tensor of a shell layer
if the second and higher order terms are neglected. The contra-variant components are then [g αβ ] = [g αβ ] −1 , which give the contra-variant tangent vectors g α = g αβ g β . Similarly, corresponding variables on * S 0 are defined in the same fashion.
The mapping between the reference configuration and the current configuration is characterized by the deformation tensorF := ∂x/∂X. On the shell layer
Here, g := det[g αβ ] and a := det[a αβ ] are defined in the current configuration and they are correspondingly denoted by G and A in the reference configuration. The other important tensors to describe the deformation are the Cauchy-Green deformation tensors and the GreenLagrange strain tensor. The right Cauchy-Green deformation tensors for a Kirchhoff-Love shell areC
where the right Cauchy-Green deformation tensors of the shell mid-surface and a layer within the shell thickness are, respectively,
Accordingly, the first three invariants ofC arẽ
Governing weak form
Having described the kinematics of thin shells, now the weak form of the governing equation of a thin shell is introduced. Here, a brief review is presented. Further details of the stress and moment tensors as well as the balance laws and strong form can be found in Sauer and Duong (2017) .
Neglecting the inertial effects, for any admissible variation δx ∈ V, the weak form of the governing equation is formulated in terms of the internal and external virtual work contributions as
The internal virtual work is
where τ αβ is the Kirchhoff stress and M αβ 0 is the moment tensor defined in the reference configuration. They are associated with their counterparts in the current configuration by τ αβ = J σ αβ and M αβ 0 = J M αβ . The external virtual work is
where f = f α a α + p ext n is a prescribed body force on S with p ext as the external pressure. Further, t, m τ and m ν are distributed forces and moments prescribed on the boundary and ν = ν α a α is the normal to ∂ m S, where the bending moment m τ is applied.
Linearization of the weak form
As the weak form (19) is nonlinear, it needs to be linearized in order to be solved by the NewtonRaphson method. The linearized internal virtual work contribution is ∆G int = 
Shell constitution: Three modeling approaches
As shown in Tab. 1, in general, there are two different structural modeling approaches in shell theory (Bischoff et al., 2004) . In the projection approach, a shell is assumed to be a 3D continuum, thus the stress resultants are derived rarely analytically and mostly by numerical integration through the shell thickness (e.g. Duong et al., 2017) . In the direct surface approach, a shell is considered as a 2D manifold, defined on the mid-surface of the shell continuum and thus the stresses and moments can be directly derived from a well-postulated 2D strain energy density function (e.g. Sauer and Duong, 2017) . Furthermore, the degenerated solid approach can also be used, which is in fact not based on a shell theory but rather is a method to reduce the dimension of 3D finite elements (Bischoff et al., 2004) .
Here, a model of the first approach, namely the numerically-projected (NP) shell model, and a model of the second approach, namely the directly-decoupled (DD) shell model are introduced. Further, the analytically-projected (AP) shell model is presented, which combines elements of both approaches and provides an algorithm to analytically evaluate the integration through the shell thickness. For the NP shell model, it is assumed that the in-plane strains vary linearly across the shell thickness, which considerably simplifies the formulation yet it is accurate only for thin shells. For the DD shell model, by extending the formulation of Duong et al. (2017) for a combined Koiter/Neo-Hooke shell, a systematic algorithm is introduced to consistently find the bending counterparts for any given membrane formulation.
As shown in detail in the next sessions, the NP shell model is a fully nonlinear shell formulation. The AP shell model is a first-order approximation of the NP shell model, in which the membrane and bending forces are still coupled. The DD shell model combines a fully nonlinear membrane with a linear elastic bending model.
Further theoretical background and implementation details for the DD and the NP shell models can be found in the earlier works of the authors. Here, the principal concepts and the new extensions are introduced. 
Numerically-projected (NP) shell model
In this approach, the strain energy density function of a 3D shell continuum is projected onto the mid-surface of the shell so that the stress and bending moment resultants can be found by an appropriate integration through the shell thickness, which has to be evaluated numerically in general. The projected strain energy density function is
whereW =W (g αβ , g 33 ) is the 3D strain energy density function defined on a shell layer * S at ξ ∈ [−T /2, T /2]. Then, the Kirchhoff stress on * S is derived by the variation δW = 
Writing the variation of the projected strain energy W as
the resultant stress and moment tensors are
Plugging Eq. (167) into Eqs. (24), (25) and (27), one can find the resultant stresses and bending moments as
Remark 3.1. Assuming the plane-stress condition, i.e.τ 33 = 0, the out-of-plane squared stretch g 33 is eliminated by static condensation (Bischoff et al., 2004; Echter, 2013; Kiendl et al., 2015; Duong et al., 2017) .
From Eqs. (28), (23) and (4), the material tangents follow as
where, on * S, we have introduced the elasticity tensor
Analytically-projected (AP) shell model
If the shell thickness is small enough compared to the curvature radii of the shell, one can use a first order Taylor expansion to analytically evaluate the integrals in Eqs. (28) and (29). For this purpose, all the kinematical objects, stresses and bending moments are linearized w.r.t. the outof-plane coordinate ξ. The linearization of the kinematical parameters are given in Appendix C. In this section, the stresses, bending moments and material tangents are derived for two cases:
(1) The whole thickness of the shell contributes to the strain energy density function and (2) only a portion of the shell thickness, e.g.
, is active. The former case is the typical condition of thin shells while the latter happens for instance if the material bears only compression (e.g. concrete) or only tension (e.g. collagen fibers).
Using a Taylor expansion ofτ αβ about ξ = 0, we havẽ
where we have definedτ
Remark 3.2. Henceforth, a hat is used to denote the quantities calculated at ξ = 0, i.e.• = ( * •) ξ=0 . In general, such quantities can be defined for each shell layer. In particular, they can be dimensionally linked to a counterpart in the membrane theory (e.g. a αβ =ĝ αβ and τ αβ = Tτ αβ ) or there might be no corresponding quantity in the membrane theory (e.g. forτ αβ ,3 ).
Fully-stressed cross-section
Plugging Eq. (31) into Eq. (28) and integrating analytically, the resultant stresses and bending moments are τ αβ = Tτ αβ ,
The tangent matrices are derived from Eq. (33) 
where we have defined 
3.2.2 Partially-stressed cross-section
As already mentioned, in many applications, the strain energy density function and accordingly the in-plane stresses are nonzero only in a portion of the shell thickness, i.e.
Plugging Eq. (31) into Eq. (36), one can analytically calculate the stress and the bending moment resultants as
However, the derivation of the material tangents is not so simple since T 1 and T 2 are not considered to be generally fixed and they may vary with x, i.e.
and they are defined based on the constitution and application. Thus, introducing
the material tangents are derived as
Here,τ 
Directly-decoupled (DD) shell model
In this approach, the stresses and moments are directly derived from a 2D strain energy density function; therefore, there is no need for numerical integration thought the shell thickness. The model completely decouples the membrane and bending forces. It predicts the stretching deformation of the shell through the metric tensor while the bending of the shell depends only on the curvature tensor (Ciarlet, 2005; Sauer and Duong, 2017) . The classic shell formulations of this kind, namely Koiter shell model and Canham model, are described in detail e.g. by Ciarlet (2005) and Sauer and Duong (2017) . Recently, Duong et al. (2017) have proposed a mixed formulation that combines the bending stored energy of a Koiter shell and the strain energy of a compressible Neo-Hookean membrane. Here, a systematic approach is introduced to find an appropriate and consistent bending energy for any given isotropic or anisotropic membrane formulation so that their combination results in a directly-decoupled shell model with a polyconvex 2D strain energy density function as
where W M and W B are the membrane and bending parts, respectively.
Remark 3.4. Compared to the combined Koiter/Neo-Hooke shell model of Duong et al. (2017) , the presented formulation (i) provides a physically well-defined link between the bending and membrane parts, (ii) is extended to many isotropic material models and (iii) allows for anisotropic behavior, which is of great importance for the modeling of soft tissues.
Many biological materials, such as soft tissues, can easily undergo large deformations while being extremely stretched. Thus, the membrane formulation should allow for large material and geometrical nonlinearities. This implies that, for the membrane part, a nonlinear stressstrain relationship is required; however, for the bending part, a linear stress-strain relationship is sufficient for most applications even when the shell exhibits large deformations.
For membranes, the strains are constant over the thickness, i.e. g αβ = a αβ and g 33 = λ 2 3 . Thus, a 3D material model can be reduced to a 2D membrane one as (Roohbakhshan et al., 2016 )
is the 3D strain energy density function in terms of the mid-surface metric tensor a αβ and normal stretch λ 3 . From Eq. (43), it follows that
and
are the components of the membrane elasticity tensor. Likewise to the NP shell model (see Remark 3.1), the membrane out-of-plane stretch λ 3 is eliminated by the plane-stress assumption, i.e.τ 33 := λ −1 3 ∂W/∂λ 3 = 0. The corresponding linear stress-strain relation is derived from a linearized material model as
where c αβγδ 0
are the components of the elasticity tensor before deformation and c αβγδ is given by Eq. (46). Then, the rear part of Eq. (47) can be used for the 2D strain energy density function corresponding to the bending deformations as
From Eq. (49), the bending moments and their corresponding tangents are
Remark 3.5. As the bending and membrane parts are decoupled, here in contrast to the NP shell model, d αβγδ = e αβγδ = 0 .
Remark 3.6. The presented decoupled membrane-bending equations are derived provided that (1) the material is symmetric w.r.t. the shell mid-surface and (2) the shell thickness is considerably smaller than the other dimensions and the radii of curvature. If these two conditions are violated, in addition to the stretching and bending strains, other mixed terms (i.e. strain gradients) are present in Eq. (47); therefore, the membrane and bending parts cannot be easily decoupled.
Tab. 3 summarizes the procedure to formulate a DD shell model for any given 3D material model. 
Material models
Having introduced the thin shell theory and three different approaches to model shells, various isotropic and anisotropic constitutive laws can be examined now. For each material model, the three different approaches from Sec. 3 (i.e. the NP, AP and DD shell models), are derived. All the introduced material models are considered to be incompressible since most types of soft biological materials, in particular soft tissues, are regarded as incompressible (Holzapfel, 2001) . Here, the incompressibility constraintg
is enforced strictly through the Lagrange multiplier method. Thus, the incompressible 3D stored energyW inc (C) is augmented by the contribution from the Lagrange multiplier as
where the unknown Lagrange multiplierp is a hydrostatic pressure. For shells and membranes, it is analytically determined from the plane-stress condition asp = 2 * J −2 ∂W inc (C)/∂g 33 . In addition to physical reasons, the plane-stress condition is therefore advantageous for thin shells.
In the DD shell model, the incompressibility constraint is treated analogously for the membrane part. The incompressibility constraint is added to the corresponding incompressible 2D stored energy W inc (C) through the Lagrange multiplier method (Sauer et al., 2014; Sauer, 2016) 
which is similar to the 3D formulation, cf. Eq. (53). The unknown Lagrange multiplier p = Tp can also be analytically found from the plane-stress condition. For the bending part, the effect of incompressibility constraint is condensed into c αβγδ 0
.
In Secs. 4.1 and 4.2, the stress, bending moment and tangent tensors for different isotropic and anisotropic material models are derived. To avoid repetition, the derivations are not explained in detail. As summarized in Tab. 4, for the NP shell model, one needs to deriveτ αβ andc αβγδ specifically for any given material model. Then, the stress and moment tensors and their corresponding tangents are determined by plugging the specificτ αβ andc αβγδ into Eqs. (28) and (29) 
Isotropic models
Soft biomaterials are commonly modeled with incompressible hyperelastic constitutive models that have been introduced for rubber-like materials. Although soft tissues are constructed from elastin and collagen fibres, the anisotropic part might be neglected and a purely isotropic model can be used. Examples are the modeling of liver, kidney, bladder and rectum, lungs, uterus, etc. (Chagnon et al., 2015) . This section discusses a few isotropic constitutive models that are commonly used for biomaterials and soft tissues (Martins et al., 2006; Wex et al., 2015) . Both kinds of constitutive laws, i.e. material models with polynomial and exponential forms of strain energy functions, are included in the presented examples.
Incompressible Neo-Hooke (NH)
The incompressible Neo-Hookean (NH) model is the most common hyperelastic constitution for rubber-like and soft biological materials. It is constructed from the first invariant of the right Cauchy-Green deformation tensor; therefore, it requires only one material constant to be set.
NP shell model
The strain-energy density function of a 3D incompressible Neo-Hookean solid is
wherec 1 =μ is the infinitesimal 3D shear modulus. The stress and elasticity tensors needed for the projection/integration procedure in Eqs. (28) and (29) can be found in Duong et al. (2017) asτ
The fourth-order tensors g αβγδ , a αβγδ and b αβγδ , which are used henceforth, are given in Appendix A.
AP shell model
From Eqs. (32.1) and (56), we havê
Thus, from Eqs. (32.2) and (56), one can obtain
where H 0 := 1 2 A αβ B αβ is the mean curvature on S 0 . The linearization of kinematic variables w.r.t. the through-the-thickness coordinate ξ can be found in Appendix C. The corresponding material tangents, defined in Sec. 3.2, arê
DD shell model
The 2D incompressible Neo-Hookean strain energy (e.g. Sauer et al., 2014; Sauer, 2016) is
where c 1 = Tc 1 = µ/2 is physically related to the 2D shear modulus µ as µ = Tμ. The in-plane stress components now are
with
where a αβγδ is given by Eq. (170). Correspondingly, in the reference configuration,
Thus, the bending energy W B can be found by plugging Eq. (64) into Eq. (49), which gives the bending moment
where
Remark 4.1. As many material models, introduced in the following sections, are based on the first invariant of the right Cauchy-Green deformation tensor, their corresponding stress and elasticity tensors include expressions similar to an incompressible Neo-Hookean material. Thus, for the sake of simplicity, we introduce normalizedτ αβ NH andc αβγδ NH for the NP shell model by settingc 1 = 1 in Eqs. (56) and (57), which gives
For the DD shell model, the normalized τ αβ NH and c αβγδ NH are derived by setting c 1 = 1 in Eqs. (62) and (63), which yields
Accordingly, in the reference configuration,
and trivially τ
Similarly, the normalized stresses and tangent tensors for the AP shell model are defined according to Eqs. (58), (59) and (60) aŝ
Incompressible Mooney-Rivlin (MR)
The Mooney-Rivlin (MR) model is one of the oldest and most accurate constitutive laws developed for large deformations of isotropic materials (Martins et al., 2006; Wex et al., 2015) . It is based on the first and second invariants of the right Cauchy-Green deformation tensor, which requires two material constants to be specified.
NP shell model
The incompressible 3D strain-energy density function of the Mooney-Rivlin type is
wherec 1 andc 2 are stress-like parameters that should be found from experiments. The components of the Kirchhoff stress tensor thus arẽ
which gives
AP shell model
Following Eq. (75),τ
Thus, the tangent tensors ared αβγδ = 0,
DD shell model
For this model, the incompressible 2D stored energy is
where c 1 := Tc 1 and c 2 := Tc 2 . Likewise to Eqs. (75) and (76), it can be shown that
In the reference configuration, I 1 = 2, J = 1 and a αβ = A αβ , thus
Incompressbile Fung
The strain energy function of this model has an exponential form in terms of the first invariant of the Cauchy-Green deformation tensor. This model has been proposed first by Fung (1967) and was then further investigated by Demiray (1972) 4 . Later, Humphrey and Yin (1987) extended the formulation by including an anisotropic contribution of fibers to model passive cardiac tissue.
NP shell model
The incompressible version of the Fung model is
which givesτ αβ =D 1τ 
whereÎ 1,3 is given by Eq. (186) (see Appendix C) and
The corresponding material tangents ared αβγδ = 0 and
(92)
DD shell model
The corresponding membrane strain energy function is
where c 1 = Tc 1 . Similarly, we have
In the reference configuration, D 1 = c 1 and τ αβ NH0 = 0, which results in c αβγδ 0
Anisotropic models
The fibrous structure of soft tissues adds anisotropic features to their mechanical behavior. In order to capture those, different anisotropic hyperelastic models are introduced here. The various isotropic material models, introduced in Sec. 4.1, depend on a combination of the first three invariants of the Cauchy-Green deformation tensor, i.e.Ĩ 1 ,Ĩ 2 andĨ 3 :=J. Similarly, the anisotropic constitutive laws introduced in this section depend on extra invariants, which are related to the principal direction of the fibers. The anisotropy can also be measured by components of the Green-Lagrange tensor (Chagnon et al., 2015) , which is not discussed here.
Considering that the principal direction of the i th family of fibers isL i in the reference configuration, the structural tensorM i can be expressed according to the kinematics of Kirchhoff-Love shells asM
The in-plane component of structural tensor is *
The out-of-plane component of structural tensor is then *
The first invariant of the structural tensor, which is used for most anisotropic models, is 5
however, other invariants can also be used (Chagnon et al., 2015) . Likewise, the in-plane invariant is defined as *
In the same fashion, for the membrane formulation, the corresponding quantities are defined on the shell mid-surface asM
Thus, the invariants are reformulated as
Remark 4.2. For thin membrane and shells, it is more realistic to assume that fibers are distributed layer-wise, i.e. * Anisotropic hyperelastic material models are mostly developed based on the assumption that the material is constructed from an "isotropic" matrix reinforced with several fibers with a given principal orientation, which induce "anisotropy". Hence, the strain energy functionW is composed of an isotropic partW m and an anisotropic partW f as
where n f is the number of fiber families. The anisotropic part may only include the invariants of the structural tensors, like in anisotropic Mooney-Rivlin model (Sec. 4.2.1), or it may combine them with the invariants of the right Cauchy-Green deformation tensor, like in Gasser-OgdenHolzapfel model (Sec. 4.2.2). For a detailed survey of anisotropic models for biological tissues, see Chagnon et al. (2015) .
Anisotropic Mooney-Rivlin (AMR)
The anisotropic Mooney-Rivlin (AMR) material model can be obtained by generalizing the formulation of Rivlin and Saunders (1951) in terms of the invariants of the structural tensor as (Kaliske, 2000) W
In this study, for the isotropic part, an incompressible Mooney-Rivlin constitution is considered (see Sec. 4.1.2). For the anisotropic part, n f families of fibers with a quadratic potential are included asW
NP shell model
The total Kirchhoff stress isτ αβ =τ 
AP shell model
Likewise to Eq. (112), the total stress is split into the isotropic and anisotropic contributions aŝ
whereτ αβ m is given by Eq. (77.1) and
Similarly, the first-order approximated terms arê
whereτ αβ m,3 follows from Eq. (77.2) and
Here,L αβ i,3 andÎ i 4,3 are given by Eqs. (187) and (188), respectively. In the same fashion, the fibers and the matrix contribute to the corresponding tangents, e.g.ĉ αβγδ =ĉ 
(119)
DD shell model
The strain energy of the corresponding membrane formulation is
Accordingly, the total stress is
where τ αβ m is given by Eq. (83) and
The corresponding tangent tensor is c αβγδ = c 
Gasser-Ogden-Holzapfel (GOH)
The Gasser-Ogden-Holzapfel (GOH) material model is an anisotropic hyperelastic material model, which is used to model soft tissues with distributed collagen fibers, and is mainly developed for the modeling of cardiovascular arteries (Gasser et al., 2006) . This model is constructed of an isotropic part, which represents the elastin matrix of soft tissue and is modeled by the incompressible Neo-Hookean material model, and an anisotropic part due the collagen network, which is based on the structural tensors of two families of fibers. Here, a 3D generalized structural tensor (3D GST) is considered; however, for thin structures, 2D generalized structural tensors (2D GST) can also be used (Tonge et al., 2013) .
NP shell model
The strain-energy density function is considered as
are the invariants of the 3D generalized structural tensorH i .H i is introduced by Gasser et al. (2006) to extend the structural tensorM i , cf. Eq. (98), by accounting for dispersion in fibers asH
where κ i ∈ [0, 1/3] is the parameter determining the degree of dispersion (Gasser et al., 2006) and 1 is the usual identity tensor in R 3 . Assuming * L 33 i = 0, the layer-wise 3D generalized structural tensor becomes
Similar to the other anisotropic models, the stress tensor has two components as
is the isotropic contribution. The anisotropic contribution of the fibers is theñ
where we have defined
From Eqs. (131) and (132), the symmetric elasticity tensor is
AP shell model
On the shell mid-surface S,τ αβ =τ
Here, we have defined R
which depend only on the mid-surface parameters. The first-order terms are then
where we have definedĴ 
22
Here, we have defined
DD shell model
For the membrane part, the projected membrane formulation of Roohbakhshan et al. (2016) is adopted. In this setup, the generalized structural tensorH i , is defined on the shell mid-surface asH
Thus, the first invariant of the generalized structural tensor isJ
Similar to the other shell models, the in-plane Kirchhoff stress is split as τ αβ = τ 
Here, R αβ i is given by Eq. (138) and
The total elasticity tensor is then
In the reference configuration, I i 4 = 1, which gives D i = k 1i , and
Further, J i 4 = 1, which results in E i = 0. Hence, considering Eqs. (65) and (66), we get
GOH model with compression/tension switch
The anisotropic strain energy density function of Eq. (126.2) is polyconvex ifĨ i 4 > 1 (Balzani et al., 2006; Prot et al., 2007) . This issue is also addressed by Gasser et al. (2006) who argue that their model will predict non-physical behavior ifĨ i 4 < 1. This is due to the fact that the fibers bear no compressive force; therefore, they are active only if being extended. Thus, such models can be equipped with a compression/tension switch to exclude the compressed fibers. For instance, the GOH model should be modified as (cf. Melnik et al., 2015) 
where on the shell layer * S, the compression/tension switch * H i is formulated by the Heaviside step function
as *
In the same fashion, for the membrane constitution, we have
in which, the compression/tension switch H i is defined on the shell mid-surface as
Remark 4.3. As discussed by Holzapfel and Ogden (2015) , the compression/tension switch has also been implemented in terms ofĨ i 4 instead of * I i 4 or I i 4 . But this may give erroneous results.
In the following, the application of the compression/tension switch to the GOH material model is discussed for the three introduced shell models.
NP shell model
In this approach, one can directly plug the switch definition (156) into the strain energy density function (155). Similarly, the in-plane stress and elasticity tensors should be augmented with the compression/tension switch asτ
However, the numerical integration should be performed more carefully to assure that there are enough number of Gaussian quadrature points in the locations the switch is active.
AP shell model
If the compression/tension switch is considered, the anisotropic stresses might be non-zero only within a portion of the shell thickness; however, the isotropic stresses are non-zero across the whole thickness. Thus, for the isotropic part, one can use the formulation introduced in Sec. 3.2.1 with the corresponding stress and tangent tensors given in Sec. 4.2.2.2. For the anisotropic part, a partially-stressed shell formulation (see Sec. 3.2.2) is required. Hence, the stress and moment tensors due to the fibers are
according to Eqs. (137.2) and (141.2). As the anisotropic part is partially-stressed, one needs to find the thickness interval
, whereĨ i 4 > 1. The algorithm to find T i 1 and T i 2 is given in Appendix D. Likewise to the stress and moment tensors, the material tangents are also derived following the formulation of Sec. 3.2.2. For instance, 
DD shell model
The compression/tension switch is not fully consistent with the DD shell model since the assumptions made to derive Eqs. (47) and (49) are not necessarily valid if the switch is applied. In fact, as the material model is no longer symmetric w.r.t. the shell mid-surface, due to the unsymmetric structure of the switch, the expressions with mixed term, i.e. E αβ K γδ , do not vanish, e.g. in Eq. (47). Hence, the membrane and bending strains cannot be fully decoupled. Nonetheless, if the directly-decoupled approach is followed, in the reference configuration, I i 4 = 1, which implies that H i = 0. Thus, the anisotropic part do not contribute to the bending energy and this reduces Eqs. (154) to a purely isotropic formulation, i.e. c αβγδ 0 = µ c αβγδ NH0 . Put differently, the directly-decoupled approach cannot capture the effects of the compression/tension switch if the bending moments are dominant or the anisotropic forces are much stronger than the isotropic ones; however, it is accurate if only the membrane forces are influential (Roohbakhshan et al., 2016) .
Numerical examples
In this section, for each of the introduced material models, different numerical examples are considered to study the performance of the three presented shell models, i.e. the numericallyprojected (NP), analytically-projected (AP) and directly-decoupled (DD) shell models. First, a uniaxial tension test is performed to compare the membrane response of different shell models. Second, the pure bending of a cantilever subjected to a given rotation on its free end is considered, which shows how the models behave if the bending forces are dominant. Third, a square plate under pressure is studied to examine the coupled membrane and bending modes. Then, the formulation is tested for two specific applications: Large indentation of a strip under a rigid spherical indenter and an angioplasty example, which involves contact between two deformable bodies.
For the NP shell model, the through-the-thickness integration is evaluated by two Gaussian quadrature points unless specified otherwise. Furthermore, for all the examples, the material constants are set according to the Tab. 5. For the anisotropic material models (GOH and AMR), two families of fibers are considered, i.e. n f = 2. For the GOH material model, κ i ∈ {0.0, 0.226, 1/3} following Gasser et al. (2006) . 
Uniaxial tension test
To examine the presented shell models for the case that membrane forces are dominating, a rectangular strip of T × W × L = 0.3 × 3 × 9 [mm 3 ] is pulled as shown in Fig. 1 .a. On the pulled edged, the displacements in e 2 direction are enforced to be equal. The pulling force F is applied at the corner of the same edge. The strip is meshed by 6 × 18 quadratic NURBS elements (see Fig. 1 .a). For the anisotropic materials, the principal directions of fibers are defined as
where e 1 and e 2 are the unit vectors of the Cartesian coordinate system (shown in Fig. 1.a) . For this example, θ 1 , θ 2 = ±45 • and ±30 • for the AMR and GOH models, respectively. As already mentioned, here it is assumed that * L 33 i = L 33 i = 0. Henceforth, the displacements in e 1 , e 2 and e 3 directions are denoted by u, v and w, respectively. Fig. 2 shows the displacement of point A (shown in Fig. 1.a) versus the applied total force. The applied force is normalized by EA, where E = 3c 1 corresponds to an infinitesimal Young's modulus and A = W T is the cross section area. As expected, for all the isotropic and anisotropic materials, the AP and DD shell models give exactly the same results as the NP shell model. 
Cantilever bending
The cantilever has the same geometry and mesh properties as the strip of Sec. 5.1 although here T = W/20. On the clamped edge (see Fig. 3.a) , the rotations are restricted following a penalty formulation. On the free end, the surface normal n is constrained to be equal to the given normaln using the constraint of Duong et al. (2017) . Here,n = cos α e 3 − sin α e 2 , where α is the angle of rotation around e 1 . In the reference configuration,n = N and α = 0 (see Fig. 3.a) . Here, the maximum rotation is set to α = 90 • (see Fig. 3 .b).
The total bending moment corresponding to this rotation is determined following the constraint formulation. The corresponding bending moment is normalized by E I/L, where I = W T 3 /12 is the second moment of area of the cross section. The orientation of the fibers is defined based on Eq. (165). Here, θ 1 , θ 2 = ±45 • for the AMR model and θ 1 , θ 2 = ±30 • for the GOH model. In Figs. 4 and 5, the corresponding bending moment is plotted against the applied rotation. Similar to the previous example, for the Neo-Hookean, Mooney-Rivlin and Fung material models, which are isotropic, as well as for the anisotropic Mooney-Rivlin material model, the AP and DD shell models are as accurate as the NP shell model (see Fig. 4 ). , the DD shell model cannot capture the switch effect since the material model is no longer symmetric w.r.t. the shell mid-surface. Although if the material model is completely isotropic (i.e. setting κ i = 1/3), the fibers are excluded and trivially the switch has no effect on the constitutive equations (see Fig. 5 .f). By increasing the anisotropy (i.e. κ i → 0), the AP and NP shell models behave very similarly although the DD shell model deviates from the correct solution (see .
If the compression/tension switch is included, more Gaussian quadrature points are needed to capture the discontinuity of switch through the shell thickness. Furthermore, as the shell thickness decreases, the AP shell model becomes more accurate. Fig. 7 .a shows the displacement of the tip versus the applied rotation for different thicknessto-width (T /W ) ratios. Fig.7 .c shows how the corresponding bending moments change. Here, for all the cases modeled by the NP shell model, 5 Gaussian quadrature points are considered through the shell thickness. 
A clamped plate under pressure
Large deformation of a clamped plate under live pressure is a challenging example. Such an example is used here to compare the capabilities of the three introduced shell models to capture the membrane and bending forces together. As shown in Fig. 8 .a, a square plate, with T ×L×L = 0.25 × 10 × 10 [mm 3 ], is clamped with appropriate boundary conditions. As the problem is symmetric, only 1/4 of the whole system is modeled and symmetry constraints are applied along the corresponding boundaries. On the clamped and symmetry edges, the rotations are fixed following the constraint formulation of Duong et al. (2017) . The plate quarter is meshed by 6 × 6 quadratic NURBS-based elements. Furthermore, for both the anisotropic material models, the fibers are oriented according to Eq. (165) 
Indentation of a sheet
In vitro and in silico indentation tests are widely used to empirically and numerically determine the mechanical characteristics of soft tissues (Zhang et al., 1997; Liu et al., 2004; Choi and Zheng, 2005; McKee et al., 2011; Lu et al., 2012) . For instance, puncture testing has been applied frequently for the mechanical characterization of the human fetal membrane tissue (Bürzle et al., 2014) .
Here, the indentation of a square sheet is simulated. The sheet has the same dimensions and material properties as the plate of Sec. 5.3. As shown in Figs. 11.a and 11.b, two types of boundary conditions are considered, i.e. the outer edges are either fixed or clamped. The sheet is pressed by an indenter with a rigid spherical cap (see Figs. 11.c and 11.d) . The indenter radius is R = L/6, where L is the width of sheet. Here, the sheet is meshed by 6 × 6 quadratic NURBS-based elements. In the contact area, the mesh is finer. The size of the finest element is 1/4 of the coarsest one. The sheet constited of the GOH material model with the constants given in Tab. 5. Following Sauer and De Lorenzis (2015) , the contact computations is based on an unbiased penalty formulation applied at the quadrature points of the isogeometric finite elements. The penalty parameter is set to c = 10 8 E T , where E = 3μ.
(a) (c) In Fig. 12 , the vertical component of the total contact force is plotted against the indentation depth for different indenter radius R. As expected, both the AP and NP shell models perform similarly. 
Angioplasty
Balloon angioplasty is the typical treatment to widen obstructed arteries or veins (Humphrey, 2013) . This procedure has been studied computationally by many scholars (e.g. Holzapfel et al., 1996; Rogers et al., 1999; Holzapfel et al., 2002; Gasser and Holzapfel, 2007; Gervaso et al., 2008; Pant et al., 2012) in order to optimize the internal pressure, mechanical properties and location of the balloon. Here, the angioplasty procedure is simulated as shown in Fig. 13 . A portion of an artery with the dimensions T a × R a × L = 0.5 × 5 × 30 [mm 3 ] is inflated by a balloon with initial radius R b = 0.9 R a and thickness T b = 0.1 R b . The balloon is initially pre-stretched by λ p = 1.1. The artery is modeled by the GOH material model with κ i = 0. The material constants are taken from Tab. 5, which is similar to the properties of the adventitia of an artery (Gasser et al., 2006) . Two families of fibers are considered with
where θ i ± 45 • and ψ is the angular coordinate around e 3 axis. The NP and AP shell models are used for the artery and the compression/tension switch is included. For the NP shell model, 5 Gaussian quadrature points are used for the numerical integration through the thickness. The balloon is modeled by an incompressible Neo-Hookean membrane (Sauer et al., 2014) with the shear moduliμ b = 2, 10 and 20μ a , whereμ a is the shear modulus of the anisotropic part of the artery material model (see Tab. 5). The balloon is inflated up to V = 3 V 0 , where V 0 is the initial volume of the balloon. The contact constraint is enforced following the penalty formulation of Sauer and De Lorenzis (2015) . The penalty parameter is set to c = 10 7 E T a , where E = 3μ a .
In Fig. 14.a the internal pressure of the balloon is plotted against its volume for different values ofμ b . Fig. 14.b shows the average circumferential stretch, λ θ , computed in the middle of the artery (see the circumferential dashed line in Fig. 13 .a) against the volume of the inflated balloon. As expected, the results of the AP and NP shell models are very close even though the artery is quite thick (T /R = 0.1). 
Conclusion
This paper presents different rotation-free shell formulations to model thin structures composed of soft biological materials. The formulation is designed for large deformations and allows for geometrical and material nonlinearities, which makes it very suitable for the modeling of soft tissues. The formulation is based on the Kirchhoff-Love hypothesis; thus, it needs only displacement degrees of freedom. Following an isogeometric approach, NURBS-based finite elements are used for the FE discretization and the FE solution, which satisfies the necessary C 1 -continuity of solution for rotation-free shells.
Three different approaches to model thin shells are introduced: The numerically-projected (NP) shell model, which uses numerical integration through the shell thickness, and the analyticallyprojected (AP) and directly-decoupled (DD) shell models, which do not need any numerical through-the-thickness integration. The NP shell model is the most general approach; however, it can be computationally expensive e.g. for anisotropic constitutive laws like the GasserOgden-Holzapfel material model (Gasser et al., 2006) . For such materials, one may need many quadrature points across the shell thickness to capture discontinuities of the stress across the thickness. This has motivated us to develop the AP shell model, which is computationally more feasible. If the shell thickness is considerably smaller than the in-plane dimensions, for an initially-planar shell, or the radii of curvature, for an initially-curved shell, the NP and AP shell models perform similarly. Furthermore, the DD shell model is presented, which is directly defined on a 2D manifold. This formulation assumes that the material properties and the constitutive law are symmetric w.r.t. the shell mid-surface. Apart from this restriction, the DD shell model is the most efficient approach.
Furthermore, the exclusion of compressed fibers is considered for each type of the three shell models. As shown by different examples, the introduced compression/tension switch works very well for both the NP and AP shell models. The DD shell model, however, cannot capture the effect of the switch if the bending forces are dominant.
Altogether, the presented formulations can be characterized by increased computational efficiency and algorithmic complexity. Accordingly, an appropriate formulation should be chosen by a trade-off between efficiency and complexity for any specific application, structure and constituent.
The introduced shell models are specifically derived for different isotropic and anisotropic material models, which are commonly used for soft biological materials. For both the isotropic and anisotropic models, two types of strain energy density function are examined: Polynomial forms (i.e. Neo-Hooke, Mooney-Rivlin, and anisotropic Mooney-Rivlin material models) and exponential forms (i.e. Fung and Gasser-Ogden-Holzapfel material models). The procedure can be easily applied to other material models. Furthermore, the robustness and accuracy of the presented shell models is demonstrated by different examples, which examine pure membrane modes (see the uniaxial tension test), pure bending modes (see the cantilever bending test) and mixed modes (see the pressured clamped plate) of the shell deformation. Moreover, the applicability of the shell models is demonstrated by two examples: The indentation of a sheet under a rigid spherical indenter and an angioplasty example that involves contact between two deformable bodies.
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A Variation of kinematic variables
Following the approach of Sauer and Duong (2017) , the variation of kinematic variables are expressed in terms of the metric tensor a αβ , which captures the stretching deformations, and the curvature tensor b αβ , which captures the bending deformations. These variations are then used to derive the stresses and linearize the governing equations.
From Eq. (4), the variation of g αβ is δg αβ = δa αβ − 2 ξ δb αβ 
As shown by Sauer and Duong (2017) , δa αβ = a αβγδ δa γδ , where 
Besides, it can be proven that δJ = J 2 a αβ δa αβ , δ * J = * J 2 g αβ δg αβ .
The variation of the first invariant of the right Cauchy-Green tensor is δĨ 1 = δI 1 + 2 λ 3 δλ 3 , δĨ 1 = δ * I 1 + δg 33 , 
on the shell mid-surface. In a similar fashion, the first invariant of the right Cauchy-Green tensor is linearized asÎ
D First-order compression/tension switch for fibers
For the principal directions of anisotropic materials, it can be shown that
where L α i,3 := B αβ L i β and L i α := L i · A α . Thus, on the mid-surface, we havê 
Using a first order Taylor expansion, on a shell layer at ξ, * I i 4 can be related to the similar quantity I i 4 on the mid-surface as * 
